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Abstract. Let X be a metric space with doubling measure, L a nonnegative self-adjoint 
operator in L 2 (X) satisfying the Davies-Gaffney estimate, lu a concave function on (0, oo) 
of strictly lower type £ (0, 1] and p(t) = t _1 /w _1 (t _1 ) for all t € (0, oo). The authors 
introduce the Orlicz-Hardy space H u _l(X) via the Lusin area function associated to 
the heat semigroup, and the BMO-type space BMO P! i(^). The authors then estab- 
lish the duality between H Ui l(X) and BMO P7 l{X); as a corollary, the authors obtain 
the p-Carleson measure characterization of the space BMO Pj l(A'). Characterizations 
of H Ui l(X), including the atomic and molecular characterizations and the Lusin area 
function characterization associated to the Poisson semigroup, are also presented. Let 
X = M™ and L = —A + V be a Schrodinger operator, where V £ L\ oc (R n ) is a non- 
negative potential. As applications, the authors show that the Riesz transform VL -1 / 2 
is bounded from H 0Jt x / (W l ) to L(u>); moreover, if there exist q%, q2 € (0, oo) such that 
qi < 1 < (?2 and [u;(i' ?2 )]' J1 is a convex function on (0, oo), then several characteriza- 
tions of the Orlicz-Hardy space H u ^(M. n ), in terms of the Lusin-area functions, the non- 
tangential maximal functions, the radial maximal functions, the atoms and the molecules, 
are obtained. All these results are new even when Lu(t) = t p for all t E (0, oo) and 

pg (o,i). 
1 Introduction 

The theory of Hardy spaces H p in various settings plays an important role in analysis 
and partial differential equations. However, the classical theory of Hardy spaces on R n 
is intimately connected with the Laplacian operator. In recent years, the study of Hardy 
spaces and BMO spaces associated with different operators inspired great interests; see, 
for example, [1, 2, 3, 11, 12, 13, 14, 18, 17, 21, 33] and their references. In [1], Auscher, 
Duong and Mcintosh studied the Hardy space H^iW 1 ) associated to an operator L whose 
heat kernel satisfies a pointwise Poisson upper bound. Later, in [11, 12], Duong and Yan 
introduced the BMO-type space BMOl(M™) associated to such an L and established the 
duality between H^W 1 ) and BMOL*(M n ), where L* denotes the adjoint operator of L 
in L 2 (R n ). Yan [33] further generalized these results to the Hardy space if£(M ra ) with 
p G (0, 1] close to 1 and its dual space. Very recently, Auscher, Mcintosh and Russ [2] 
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treated the Hardy space H associated to the Hodge Laplacian on a Riemannian manifold 
with doubling measure; Hofmann and Mayboroda [18] introduced the Hardy space H^W 1 ) 
and its dual space adapted to a second order divergence form elliptic operator L on R n 
with complex coefficients. Notice that these operators may not have the pointwise heat 
kernel bounds. Furthermore, Hofmann et al [17] studied the Hardy space H\(X) on a 
metric measured space X adapted to L, which is nonnegative self-adjoint, and satisfies the 
so-called Davies-Gaffney estimate. 

On the other hand, as another generalization of L p (M n ), the Orlicz space was introduced 
by Birnbaum-Orlicz in [4] and Orlicz in [23]. Since then, the theory of the Orlicz spaces 
themselves has been well developed and the spaces have been widely used in probability, 
statistics, potential theory, partial differential equations, as well as harmonic analysis and 
some other fields of analysis; see, for example, [24, 25]. Moreover, the Orlicz-Hardy spaces 
are also good substitutes of the Orlicz spaces in dealing with many problems of analysis. 
In particular, Stromberg [30], Janson [20] and Viviani [32] studied Orlicz-Hardy spaces 
and their dual spaces. 

Recall that the Orlicz-Hardy spaces associated operators on W 1 have been studied in 
[22, 21]. In [22], the heat kernel is assumed to enjoy a pointwise Poisson type upper bound; 
while in [21], L is a second order divergence form elliptic operator on R n with complex 
coefficients. Motivated by [18, 17, 20, 32], in this paper, we study the Orlicz-Hardy space 
H u> l(X) and its dual space associated with a nonnegative self-adjoint operator L on a 
metric measured space X. 

Let X be a metric space with doubling measure and L a nonnegative self-adjoint op- 
erator in L 2 (X) satisfying the Davies-Gaffney estimate. Let uj on (0,oo) be a concave 
function of strictly lower type p u G (0,1] and p(t) = t~ l / uj~ 1 (t~ l ) for all t G (0, oo). A 
typical example of such Orlicz functions is u(t) = t p for all t G (0, oo) and p G (0,1]. 
To develop a real- variable theory of the Orlicz-Hardy space H^ : l(X), the key step is to 
establish an atomic (molecular) characterization of these spaces. To this end, we inherit 
a method used in [2, 21]. We first establish the atomic decomposition of the tent space 
T U (X), whose proof implies that if F G T W (X) D T 2 2 (Af), then the atomic decomposi- 
tion of F holds in both T W {X) and T 2 {X). Then by the fact that the operator 7r^L 
(see (4.6)) is bounded from T%(X) to L 2 (X), we further obtain the L 2 (X) -convergence of 
the corresponding atomic decomposition for functions in H W: l(X) n L 2 (X), since for all 
/ G H UiL (X) n L 2 (X), t 2 Le~ t2L f G T%(X) n T U {X). This technique plays a fundamental 
role in the whole paper. 

With the help of the atomic decomposition, we establish the dual relation between 
the spaces H^^{X) and ~BM.O p ^l(X). As a corollary, we obtain the p-Carleson measure 
characterization of the space BMO,,^^). Having at hand the duality relation, we then 
obtain the atomic and molecular characterizations of the space H L0: l(X). We also introduce 
the Orlicz-Hardy space H W) s P {X) via the Lusin area function associated to the Poisson 
semigroup. With the atomic characterization of H U ^{X), we finally show that the spaces 
Hu, t Sp(X) an d H u> l(X) coincide with equivalent norms. Let X = R n and L = —A + V, 
where V G L\ oc (M. n ) is a nonnegative potential. As applications, we show that the Riesz 
transform VL -1 / 2 is bounded from H^^iM 11 ) to L[u>)\ moreover, if there exist q±, qi G 
(0, oo) such that q\ < 1 < q2 and [uj{t q2 )] qi is a convex function on (0, oo), then we 
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obtain several characterizations of H j i l(M ti ), in terms of the Lusin-area functions, the non- 
tangential maximal functions, the radial maximal functions, the atoms and the molecules. 
Notice that here, the potential V is not assumed to satisfy the reverse Holder inequality. 

Notice that the assumption that L is nonnegative self-adjoint enables us to obtain an 
atomic characterization of H w ,l{X). The method used in the proof of atomic characteri- 
zation depends on the finite speed propagation property for solutions of the corresponding 
wave equation of L and hence the self-adjointness of L. Without self-adjointness, as in 
[1, 12, 18, 22, 21, 33], where L satisfies ffoo-functional calculus and the heat kernel gener- 
ated by L satisfies a pointwise Poisson type upper bound or the Davies-Gaffney estimate, 
a corresponding (Orlicz-)Hardy space theory with the molecular (not atomic) characteri- 
zation was also established in [1, 12, 18, 22, 21, 33]. 

Precisely, this paper is organized as follows. In Section 2, we first recall some definitions 
and notation concerning metric measured spaces X , then describe some basic assumptions 
on the operator L and the Orlicz function oj and present some properties of the operator 
L and Orlicz functions considered in this paper. 

In Section 3, we first recall some notions about tent spaces and then study the tent 
space T W (X) associated to the Orlicz function uj. The main result of this section is that we 
characterize the tent space T^(X) by the atoms; see Theorem 3.1 below. As a byproduct, 
we see that if / € T w (X)f\T%(X), then the atomic decomposition holds in both T U (X) and 
T 2 2 (Af), which plays an important role in the remaining part of this paper; see Corollary 
3.1 below. 

In Section 4, we first introduce the Orlicz-Hardy space H Wi l(X) and prove that the 
operator ir^,L (see (4.6) below) maps the tent space T U (X) continuously into H U ^(X) 
(see Proposition 4.2 below). By this and the atomic decomposition of T^^X), we obtain 
that for each / 6 H L0 ^(X), there is an atomic decomposition of / holding in H Wt i,(X) (see 
Proposition 4.3 below). We should point out that to obtain the atomic decomposition of 
Hu,,l(X), we borrow a key idea from [17], namely, for a nonnegative self-adjoint operator 
L in L 2 (X), then L satisfies the Davies-Gaffney estimate if and only if it has the finite 
speed propagation property; see [17] (or Lemma 2.2 below). Via this atomic decompo- 
sition of H U; l(X), we further obtain the duality between H Ut L(X) and BMO P: l(X) (see 
Theorem 4.1 below). As an application of this duality, we establish a p-Carleson measure 
characterization of the space BMO /)) i(Af); see Theorem 4.2 below. We point out that if 
X = M. n , L = —A = — Ym=i Qx? an d w is as above with p w G (n/(n + 1), 1], then the 
Orlicz-Hardy space H^^W 1 ) in this case coincides with the Orlicz-Hardy space in [22] and 
it was proved there that # W)L (R n ) = i^(M n ); see [20, 32] for the definition of # w (M n ). 

In Section 5, by Proposition 4.3 and Theorem 4.1, we establish the equivalence of 
Hoj,l(X) and the atomic (resp. molecular) Orlicz-Hardy H^f at (X) (resp. H^f£ ol (X)); see 

Theorem 5.1 below. We notice that the series in H^ at (X) (resp. AX)) is defined to 

converge in the norm of (BMO p ,l(X))* ; while in Corollary 4.1 below, the atomic decom- 
position holds in H W: l(X). Applying the atomic characterization, we further characterize 
the Orlicz-Hardy space H u): l(X) in terms of the Lusin area function associated to the 
Poisson semigroup; see Theorem 5.2 below. 

As applications, in Section 6, we study the Hardy spaces H w ^(M. n ) associated to the 
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Schrodinger operator L = —A + V, where V G L\ oc (W 1 ) is a nonnegative potential. We 
characterize Hu^tW 1 ) in terms of the Lusin-area functions, the atoms and the molecules; 
see Theorem 6.1 below. Moreover, we show that the Riesz transform VL -1 / 2 is bounded 
from iJ Wi x(IR n ) to L(cj) and from H Wt L(R n ) to the classical Orlicz-Hardy space H UJ (M n ), 
if Pu G (^x,l]; see Theorems 6.2 and 6.3 below. If there exist q\, q2 G (0, oo) such 
that q\ < 1 < q2 and [co(t q2 )] qi is a convex function on (0, oo), then we obtain several 
characterizations of H^^IW 1 ), in terms of the non-tangential maximal functions and the 
radial maximal functions; see Theorem 6.4 below. Denote H^^W 1 ) by H^(M n ), when 
p G (0, 1] and u(t) = t p for all t G (0, oo). We remark that the boundedness of VL -1 / 2 
from Hj^(M. n ) to the classical Hardy space H 1 (W l ) was established in [17]. Moreover, if 
n = 1 and p = 1, the Hardy space H^W 1 ) coincides with the Hardy space introduced by 
Czaja and Zienkiewicz in [9]; if L = —A + V and V belongs to the reverse Holder class 
U q (W l ) for some q > n/2 with n > 3, then the Hardy space #£(IR n ) whenp G (n/(n+l), 1] 
coincides with the Hardy space introduced by Dziubahski and Zienkiewicz [13, 14]. 

Finally, we make some conventions. Throughout the paper, we denote by C a positive 
constant which is independent of the main parameters, but it may vary from line to line. 
The symbol X < Y means that there exists a positive constant C such that X < CY; 
the symbol [a J for a G K denotes the maximal integer no greater than a; B(zb, tb) 
denotes an open ball with center zb and radius vb and CB(zb, tb) = B(zb, Ctb). Set 
N = {1,2, - ■ ■ } and Z+ = N U {0}. For any subset E of X, we denote by E Z the set 
X\E. We also use C(j, /3, ■ ■ ■ ) to denote a positive constant depending on the indicated 
parameters 7, /?,■■■ . 

2 Preliminaries 

In this section, we first recall some notions and notation on metric measured spaces and 
then describe some basic assumptions on the operator L studied in this paper; finally we 
present some basic properties on Orlicz functions and also describe some basic assumptions 
of them. 

2.1 Metric measured spaces 

Throughout the whole paper, we let X be a set, d a metric on X and [i a nonnegative 
Borel regular measure on X. Moreover, we assume that there exists a constant C\ > 1 
such that for all x G X and r > 0, 

(2.1) V(x, 2r) < dV(x, r) < 00, 
where B(x,r) = {y G X : d(x,y) < r} and 

(2.2) V(x,r) = n(B(x,r)). 



Observe that if d is a quasi-metric, then (X, d, fj,) is called a space of homogeneous type 
in the sense of Coifman and Weiss [8]. 
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Notice that the doubling property (2.1) implies the following strong homogeneity prop- 
erty that 

(2.3) V(x,Xr) < CX n V(x,r) 

for some positive constants C and n uniformly for all A > 1, x G X and r > 0. The 
parameter n measures the dimension of the space X in some sense. There also exist 
constants C > and < N < n such that 

(2.4) V(x,r) < c(l + ^^j V(y,r) 

uniformly for all x, y G X and r > 0. Indeed, the property (2.4) with N = n is a simple 
corollary of the strong homogeneity property (2.3). In the cases of Euclidean spaces, 
Lie groups of polynomial growth and more generally in Ahlfors regular spaces, N can be 
chosen to be 0. 

In what follows, for each ball B C X, we set 

(2.5) Uq{B) = B and Uj (B) = 2 j B\2 j - l B for j G N. 



2.2 Assumptions on operators L 

Throughout the whole paper, as in [17], we always suppose that the considered opera- 
tors L satisfy the following assumptions. 

Assumption (A). The operator L is a nonnegative self-adjoint operator in L 2 (X). □ 

Assumption (B). The semigroup {e~ tL }(>o generated by L is analytic on L 2 (X) and 
satisfies the Davies-Gaffney estimates, namely, there exist positive constants C2 and C3 
such that for all closed sets E and F in X, t G (0, 00) and / G L 2 (E), 

(2-6) \\e- tL f\\ LHF) < C 2 exp| - ^g^ }||/|| L2(g) , 

where and in what follows, dist (E, F) = 'mf xtE E,yeF d(x, y) and L 2 (E) is the set of all 
//-measurable functions on E such that ||/||l 2 (.e) = {Je \ f( x )\ 2 dn(x)} 1 / 2 < 00. □ 

Examples of operators satisfying Assumptions (A) and (B) include second order el- 
liptic self-adjoint operators in divergence form on R n , degenerate Schrodinger operators 
with nonnegative potential, Schrodinger operators with nonnegative potential and mag- 
netic field and Laplace-Beltrami operators on all complete Riemannian manifolds; see for 
example, [10, 15, 28, 29]. 

By Assumptions (A) and (B), we have the following results which were established in 
[17]. 

Lemma 2.1. Let L satisfy Assumptions (A) and (B). Then for any fixed k G Z + (resp. 
j, h£Z+ withj < k), the family {(t 2 L) k e~ t2L } t>0 (resp. {(t 2 L)i (I + t 2 L)~ k } t> o) of oper- 
ators satisfies the Davies-Gaffney estimates (2.6) with positive constants C2, C3 depending 
on n, k (resp. n, j, k) only. 
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In what follows, for any operator T, let Kt denote its integral kernel when this kernel 
exists. By [17, Proposition 3.4], we know that if L satisfies Assumptions (A) and (B), and 
T = cos(ty/L), then there exists a positive constant C4 such that 

(2.7) suppK T CV t = {(x,y) G X x X : d(x,y) < C 4 t} . 

This observation plays a key role in obtaining the atomic characterization of the Orlicz- 
Hardy space H Uj l(X); see [17] and Proposition 4.3 below. 

Lemma 2.2. Suppose that the operator L satisfies Assumptions (A) and (B). Let <p G 
Cq°(M) be even and suppi/? C (— C^ 1 , C^ 1 ), where C4 is as in (2.7). Let $ denote the 
Fourier transform of if. Then for every k G Z + and t > 0, the kernel K L\K$(t'/L) °f 
(t 2 L) K §(t\/L) satisfies that supp K(j?L) K ®(ty/L) c {( x iV) £ X x X : d(x,y) < t} . 

The following estimate is often used in this paper. Let £<c->c denote the set of all 
measurable functions from C to C. For 5 > 0, define 

f \z\ 5 
F(S) = < ip G £c^C : there exists C > such that for all z G C, \ip(z)\ < C- 



1+ z 



25 



Then for any non-zero function ip G F(6), we have J °° \^{t)\ 2 f < 00. It was proved in 
[17] that for all / G L 2 (X), 

roc Jj. roc Jj. 

(2.8) j o \mvz)f\\i 2{x)T = y o |^)i 2 T ii/n| 2W . 

2.3 Orlicz functions 

Let a; be a positive function defined on R+ = (0, 00). The function 00 is said to be of 
upper (resp. lower) type p for some p G [0, 00), if there exists a positive constant C such 
that for all t > 1 (resp. t G (0, 1]) and s G (0, 00), 

(2.9) oj(st) < Ct p uj(s). 

Obviously, if to is of lower type p for some p > 0, then lim t _»o+ oj(t) = 0. So for the sake 
of convenience, if it is necessary, we may assume that w(0) = 0. If w is of both upper type 
pi and lower type po, then ui is said to be of type (po,Pi)- Let 

p+ = mi{p > : there exists C > such that (2.9) holds for all t G [1, 00), s G (0, 00)}, 
and 

p~ = sup{p > : there exists C > such that (2.9) holds for all t G (0, 1], s G (0,oo)}. 

The function oj is said to be of strictly lower type p if for all t G (0, 1) and s G (0, 00), 
uj(st) < t p u(s), and we define 

p w = sup{p > : uj(st) < t p u(s) holds for all s G (0, 00) and t G (0, 1)}. 

It is easy to see that p w < p~ < p+ for all oj. In what follows, p u , p~ and p~^ are called 
the strictly critical lower type index, the critical lower type index and the critical upper 
type index of oj, respectively. 
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Remark 2.1. We claim that if p w is defined as above, then oj is also of strictly lower type 
Pu- In other words, p^ is attainable. In fact, if this is not the case, then there exist some 
s G (0,oo) and t G (0, 1) such that oj(st) > t Pu} oj{s). Hence there exists e G (0,pu) small 
enough such that ui(st) > t Puj ~ e oj(s), which is contrary to the definition of p^. Thus, oj is 
of strictly lower type p w . 

Throughout the whole paper, we always assume that oj satisfies the following assump- 
tion. 

Assumption (C). Let oj be a positive function defined on R + , which is of strictly lower 
type and its strictly lower type index p w G (0,1]. Also assume that oj is continuous, strictly 
increasing and concave. □ 

Notice that if oj satisfies Assumption (C), then oj(0) = and oj is obviously of upper 
type 1. Since oj is concave, it is subadditive. In fact, let < s < t, then 

s + t s t 

oj(s + t) < oj(t) < oj(t) H oj(s) = oj(s) + oj(t). 

t t s 

For any concave function oj of strictly lower type p, if we set oj{t) = ds for t G [0, 00), 

then by [32, Proposition 3.1], oj is equivalent to oj, namely, there exists a positive constant 
C such that C~ 1 oj(t) < ui{t) < Coj{t) for all t G [0, 00); moreover, oj is strictly increasing, 
concave, subadditive and continuous function of strictly lower type p. Since all our results 
are invariant on equivalent functions, we always assume that oj satisfies Assumption (C); 
otherwise, we may replace oj by oj. 

Convention. From Assumption (C), it follows that < p^ < p~ < p£ < 1. In what 
follows, if (2.9) holds for p+ with t G [1, 00), then we choose p w = p+; otherwise p+ < 1 
and we choose p^ G (pj, 1) to be close enough to the meaning will be made clear in 
the context. □ 

For example, if oj(t) = t p with p G (0, 1] for all t G (0, 00), then p w = p+ = p w = p; if 
uj(t) = t 1 / 2 ln(e 4 + t) for all t G (0, 00), then Pul = p+ = 1/2, but 1/2 < p u < 1. 

Let oj satisfy Assumption (C). A measurable function / on X is said to be in the space 
L(oj) if f x oj(\f(x)\) dfi(x) < 00. Moreover, for any / G L(oj), define 

LH = inf {A > : f oj dfi(x) < 1 



Since oj is strictly increasing, we define the function p(t) on M + by 
(2-10) P (t) . 

for all t G (0, 00), where oj~ x is the inverse function of oj. Then the types of oj and p have 
the following relation; see [32] for a proof. 

Proposition 2.1. Let < po < p\ < 1 and w be an increasing function. Then oj is of 
type (p , pi) if and only if p is of type (p^ 1 - 1, p^ 1 - 1). 
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3 Tent spaces associated to Orlicz functions 

In this section, we study the tent spaces associated to Orlicz functions u satisfying 
Assumption (C). We first recall some notions. 

For any v > and x G X, let Y v {x) = {(y,t) G X x (0, oo) : d(x,y) < ut} denote the 
cone of aperture v with vertex x G X. For any closed set F of X, denote by H U F the 
union of all cones with vertices in F, namely, 1Z U F = {J x£ p^u(x)', and for any open set 
O in X, denote the tent over O by T u (0), which is defined as T v (0) = [TZ v (0 )] . It is 
easy to see that T v (0) = {(x, t) G X x (0, oo) : d(x, O^) > vt\. In what follows, we denote 
Ki(F), Ti(x) and Ti(O) simply by 11(F), T(x) and 6, respectively. 

For all measurable function g on X x (0, oo) and x G X, define 

and denote Ai(g) simply by A(g). 

If X = M. n , Coifman, Meyer and Stein [7] introduced the tent space (M™ +1 ) for 
p G (0, oo). The tent spaces T% (X) on spaces of homogenous type were studied by Russ 
[26]. Recall that a measurable function g is said to belong to the space T^X) with 
p G (0, oo), if = 1 1 lp (X) < °°- O n the other hand, Harboure, Salinas and 

Viviani [16] introduced the tent space T^(IR™ +1 ) associated to the function uj. 

In what follows, we denote by T U (X) the space of all measurable function g on Xx (0, 00) 
such that A(g) G L(oj), and for any g G T U (X), define its norm by 

\\9\\t u (X) = \\A(g)\\m = mf {A > : (^M^j d u.(x) < 1 

A function a on X x (0, 00) is called a T ul (X)-atom if 

(i) there exists a ball B C X such that suppa C B; 

(ii) f s \a(x,t)\i±^ < [V(B)]-MV(B))\- 2 - 

Since u is concave, it is easy to see that for all T w (Af)-atom a, we have ||ci||t uj (A') ^ 1- 
In fact, since w _1 is convex, by the Jensen inequality and the Holder inequality, we have 

«- (^<^>)M*>) < 1 f Mo)(x)Mx) < Mggo < 1 



K(B) 7 - V(B) J„ [l/( B )]i/2 - l-WnB))' 

which implies that 

Thus, the claim holds. 

For functions in the space T W (X), we have the following atomic decomposition. The 
proof of Theorem 3.1 is similarly to those of [7, Theorem 1], [26, Theorem 1.1] and [21, 
Theorem 3.1]; we omit the details. 
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Theorem 3.1. Let lo satisfy Assumption (C). Then for any f G T U (X), there exist T U (X)- 
atoms {a J }°? =1 and {Aj}^ =1 C C such that for almost every (x, t) G X x (0, oo), 

oo 

(3.1) f(x,t) = 5^AjOj(x,t), 

i=i 

and i/ie series converges in the space T U (X). Moreover, there exists a positive constant C 
such that for all f G T U (X), 



(3.2) A({A j a J -} j ) = inf { 



3=1 

where Bj appears as the support of a 



a > o : f>( B > ( xviB }$y iB )) ) £ 4 < dl/ll™, 



Remark 3.1. (i) Let {A*}jj and {a*}jj satisfy A({A*a*}j) < oo, where i = 1, 2. Since w 
is of strictly lower type p w , we have [A({A*-a*-} ij _ 7 -)] Pw < Ei = i[A({Aja}} J -)] Pu '- 

(ii) Since w is concave, it is of upper type 1. Thus, Ylj ^5 M{^j a j}j) ^5 II/IIt w (-Y)- 



The following conclusions on the convergence of (3.1) play an important role in the 
remaining part of this paper. 

Corollary 3.1. Let oj satisfy Assumption (C). If f G T^X) nT u (X), then the decompo- 
sition (3.1) holds in both T W {X) and T$(X). 

The proof of Corollary 3.1 is similar to that of [21, Proposition 3.1]; we omit the details. 

In what follows, let T^(X) and T2' b (X) denote, respectively, the spaces of all functions 
in T W (X) and T%(X) with bounded support, where p G (0, oo). Here and in what follows, 
a function / on X x (0, oo) having bounded support means that there exist a ball B C X 
and < ci < C2 such that supp/ C B x (ci,C2). 

Lemma 3.1. (%) For all p G (0, oo), T%' b (X) C T%' b (X). In particular, if p G (0,2], then 
T$' b (X) coincides with T% b {X). 

(ii) Let u satisfy Assumption (C). Then T^(X) coincides with T^' 6 ^). 

The proof of Lemma 3.1 is similar to that of [21, Lemma 3.3] and we omit the details. 



4 Orlicz-Hardy spaces and their dual spaces 

In this section, we always assume that the operator L satisfies Assumptions (A) and 
(B), and the Orlicz function uj satisfies Assumption (C). We introduce the Orlicz-Hardy 
space associated to L via the Lusin-area function and give its dual space via the atomic 
and molecular decompositions of the Orlicz-Hardy space. Let us begin with some notions 
and notation. 
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For all function / G L 2 (X), the Lusin-area function <Sl(/) is denned by setting, for all 
x G X, 

From (2.8), it follows that Sl is bounded on L 2 (X). Hofmann and Mayboroda [18] in- 
troduced the Hardy space H^iW 1 ) associated with a second order divergence form elliptic 
operator L as the completion of {/ G L 2 (M n ) : <Sl(/) G L 1 (IR n )} with respect to the 
norm ||/||.ffi(Rn) = ||«Sl(/)||li(]r™). Similarly, Hofmann et al [17] introduced the Hardy 
space H\{X) associated to the nonnegative self-adjoint operator L satisfying the Davies- 
Gaffney estimate on metric measured spaces in the same way. 

Let 1Z{L) denote the range of L in L 2 (X) and N{L) its null space. Then 1Z(L) and 
M{L) are orthogonal and 

(4.2) L 2 (X) =TZ(L)®N{L). 

Following [2, 17], we introduce the Orlicz-Hardy space H u< l(X) associated to L and co as 
follows. 

Definition 4.1. Let L satisfy Assumptions (A) and (B) and uj satisfy Assumption (C). 
A function f G 7l(L) is said to be in Hu,l{X) if 5l(/) G L(oj); moreover, define 

WfWn^x) = \\S L {f)\\ m = mf {A > : J ^ (M^T) Mx) < i| . 

The Orlicz-Hardy space H^^X) is defined to be the completion of H UJj l(X) in the norm 
II " \\h u , l (x)- 

Remark 4.1. (i) Notice that for / / G L 2 (X), \\S L {f)\\ L{uj) = holds if and only if / G 
M{L). Indeed, if / G M(L), then t 2 L e - t2L f = and hence \\S L {f)\\ L{oj) = 0. Conversely, 
if \\S L {f)\\ L (oj) = 0, then t 2 Le~ t2L f = for all t G (0,oo). Hence for all t G (0,oo), 
(e-' 2i - /)/ = f*-2sLe~ s2L fds = 0, which further implies that Lf = Le^ L f = 
and / G M(L). Thus, in Definition 4.1, it is necessary to use TZ(L) rather than L 2 (X) 
to guarantee || • ||//„ i (A') to be a norm. For example, if n(X) < oo and e~ tL l = 1, then 
we have 1 G L 2 {X) and LI = Le~ tL l = -^f e~' L l = 0, which implies that 1 G N{L) and 

I|5l(i)||l H =o. 

(ii) From the strictly lower type property of u, it is easy to see that for all fi, fi G 

h„mx), ll/i + h\\ P H„ M < WhW P H„ AX) + IIMISUw 

(iii) From the theorem of completion of Yosida [34, p. 56], it follows that H^^iiX) is 
dense in H u ^l(X), namely, for any / G H Wt i,{X), there exists a Cauchy sequence {/fcl^Li 
in H W>L {X) such that lim^^ \\f k - f\\ Hu , L (X) = °- 

(iv) If oj(t) = t for all t G (0, oo), then the space H w ^l(X) is just the space H\(X) 
introduced by Hofmann et al [17]. Moreover, if u>(t) = t p for all t G (0, oo), where p G (0, 1], 
we then denote the Orlicz-Hardy space H Uj l(X) by H P L {X). 



Orlicz-Hardy Spaces 



11 



(v) If X = W 1 , L = —A and uj satisfies Assumption (C) with p w £ (n/ (n + 1), 1], then 
the Orlicz-Hardy space H ul ^(M n ) coincides with the Orlicz-Hardy space in [22] and it was 
proved there that H UiL (R") = i^(K n ); see [20, 32] for the definition of H^W 1 ). 

We now introduce the notions of (uj, M)-atoms and (uj, M, e)-molecules as follows. 

Definition 4.2. Let M £ N. A function a £ L 2 (X) is called an (uj, M)-atom associated 
to the operator L if there exists a function b £ V(L M ) and a ball B such that 

(i) a = L M b; 

(ii) suppL fc 6c B, k £ {0, 1, ■ ■ ■ ,M}; 

(m) \\{rlL) k b\\ L , {x) < rl M [V(B)]- l/2 \p{V(B))Y\ k £ {0, 1, ■ ■ ■ ,M}. 

Definition 4.3. Let M £ N and e £ (0, oo). A function (3 £ L 2 (X) is called an (uj,M,e)- 
molecule associated to the operator L if there exist a function b £ V(L M ) and a ball B 
such that 

(i) p = L M b; 

(ii) For every k £ {0, 1, ■ ■ ■ , M} and j £ Z + , there holds 

\\(r 2 B L) k b\\ LHu . m < rf 1 2-^[V(^B)]- 1 / 2 [p(V(^B))]-\ 

where Uj(B) for j £ Z + is as in (2.5). 

It is easy see that each (u, M)-atom is an (u, M, e)-molecule for any e £ (0, oo). 

Proposition 4.1. Let L satisfy Assumptions (A) and (B), oj satisfy Assumption (C), 
e > n(\/pu — 1/Pu) an d M > f — \)- Then all (uj, M)- atoms and (uj , M , e) -molecules 
are in H u1) l(X) with norms bounded by a positive constant. 

Proof. Since each (uj, M)-atom is an (uj, M, e)-molecule, we only need to prove the propo- 
sition with an arbitrary (uj, M, e)-molecule j3 associated to a ball B = B(xB,rs)- 

Let pa; be as in Convention such that e > n(l/pu — l/p u ) and A £ C. Then there exists 
b £ L 2 (X) such that f3 = L M b. Write 



uj(S L (X(3)(x))dp(x) 

< [ ^(|A|5 L ([/-e^ L ] M /3)(x))^)+ / uj(\\\S L ((L-[L-e- r2 B L ] M )l3)(x))d^(x) 
Jx Jx 

oo „ 

< W uj(\\\S l (\1 - e- r B L ] M (P XUj{B) ))(x))dn(x) 

3=0 JX 

OO oo oo 

+ Y I ^(|A|5 L ((/-[/-e^Y0(^ M [^( B )]))(x))^)^^H J + ^I r 

3=0 JX 3=0 j=0 

Let us estimate the first term. For each j > 0, let Bj = 2 J B in this proof. Since uj is 
concave, by the Jensen inequality and the Holder inequality, we obtain 

oo „ 

H, < / w(|A|5 L ([/ - e- r B L ] M (Pxu j{ B)))(x)) dp(x) 
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< J2v(2 k B j )u;(-^— [ S L ([I-e- r B L ] M (Pxu A B)))(x)dn(x)) 
^ \V{2 J Uk{Bj ) J 

^ S ^(2*^-)^ ( [y (ai^.^i/a H^([ J ~ e-^^l^^X^^))) ll^(^( Bj ))) • 
For k = 0, 1, 2, by the L 2 (A")-boundedness of Sl and e _r s L , we obtain 



(4.3) 



The proof of the case k > 3 involves much more complicated calculation, which is similar 
to the proof of [18, Lemma 4.2]. We give the details for the completeness. Write 



\\S L {[I-e^]Mtf XUjW ))\fo }) 



< 



|^-* £ [I-e^r(/3x W m)(s 



rlLiM, 



< 



oo 



|2 dfi(x) dt 



JR™\2 fc - 2 _B 3 
fc-2 



^Le- t ^[/-e-^ i ] M (^ C 7, (B ))( 

,, X /• T / \ 7. fc— 2 



1 2 dfj,(x) dt 



dfi(x) dt 



=0 y(2 fc -l-2»)2^r s ^C/iCBj) 



i=0 



Using the fact that I — e t b l = Jq B Le sL ds, Lemma 2.1 and the Minkowski inequality, 
we obtain 

J = f°° f f B ... f B t 2 L M+l e -(t 2 + Sl +-+SM)L 

JO JR n \2 k ~ 2 B, JO Jo 



'•(PXUj(B))(x)dsi ■ ■ ■ ds M 



< 



fr*.. 






Jo 



dfj,(x) dt 
t 

* 4 II^IIl2(c/j(b)) 



(f + 8l + ... +8M )2(M+l) 



x exp 



dist (B j ,W l \2 k - 1 B^ 2 
t 2 + si H h sm 



dt 
T 



POO 



\-4M 
r B ) mm 



1/2 

cZsi • • • dsM 
2 k+ ir B t 



t ' 2 k +ir B \ t 



dt 



<2- 4M ^)||/?||l 



L 2 (Uj(B)) ' 



Similarly, 



2 n pOO PT^" pv^" 

J, = V / / I'- - I t 2 L M+l e^ +s ^- +s ^ L 

„_n JUi(Bj) J(2 k - 1 -2 i )23r B J J 



fc-2 

£• 

i=0 i=0 
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x{PXUj{B)){x)dsi ■ ■ ■ ds M \ dfl ^ dt 



(f + Sl + ... +SM )2{M+l) t 

<(k-2)2-^^\\l 2{Uj{B)y 
Combining the estimates of J and Jj, we obtain that 

(4.4) \\S L ([I - e-^rWxu^hHu^)) < ^2- 2M ^)||/3|| L2(l/j(B)) . 
By Definition 4.3, 2Mp u > n(l -p u /2), Assumption (C), (4.3) and (4.4), we have 



+ 4||,o||2 



1/2 



dsi ■ ■ ■ dsM > 



it <V(B) J WgZ Vf^pJ \X\Vk2-^^ 
<2-^V{B j )J Ul 



y( B j)p( v ( B j)) 

+ \^2 kn ( l - p " /2 h- 2Mp ^ j+k) ~ jp " e V{B j )( J j( — 

< 2 ^ e V(Bj)u( |A| 



Since p is of lower type l/pu> — 1 and e > n(\jp w — 1/pu), we further obtain 

f V(B)p(K(fl)) 1 P ".Y |A| 



< f 2-^v m { r 7 " w f W 



oo 



< 2- jp " e 2 jn{1 - p "l p ^V{B)uj( ^ ^ < V(B)u( — V 

Let us now estimate the remaining term {lj}j>o- Applying the Jensen inequality, we 
have 

oo „ 

I, <E / co(\X\SU(I-[I-e^ L ] M )(L M [bxu l{ B)]))(x))dp(x) 

< ^y(2^v( [y(2 ^ )]1/2 ||>S L ((J - [/ - e-^r^bxu^ML^B,)) 
Notice that 

\\S L ({I -[I- e-^r^ibxu^MLHU^)) 
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<r B 2M sup ||5 L ((/r|L) M e ^[6 Xl/j(B)J ^|| i2([/fc(Bj)) . 

1<1<M 

For k = 0, 1, 2, by the L 2 (^)-boundedness of Sl and {lr 2 B L) M e~ lr B L , we have 

||5 L ((Zr|L) M e -^ i [6x^ (B) ]))|| L2(l ; fc(Bj ) ) < ||&|k 2([ /,( B )). 
For A: > 3, Lemma 2.1 yields that 

||5 L ((/r|L) M e - fr ^[6 X[/j(B) ]))||2 2([/fc{Bj 



< r 4M 



< r 4M 



II 



nuk(Bj)) 

oo 



\e L M + l e ^+lrl)L [hxUj{B)]{:> 



2 dfj,(x) dt 



poo f 
JO JK 



R"\2 fc - 2 _B 3 
k-2 



t%t 2 + lr B )L] 



M+l e -(t 2 +lr 2 B )L 



(f + lr B )M+i 
dfi(x) dt 



dfi(x) dt 



<r B M \\b\\h {Uj{B)) 



t /[ 



poo 

+(k-2) - 

J 2 k-2+j rB t 



Jo {t 2 + lr 2 B ) 2 ( M + 1 ) 
dt 



exp < - 



dist(S i ,M n \2 fe - 1 S 



t 2 + lr 2 



dt 
T 



f4M+l 



< k2 -mk+j)\l b f 



L 2 {Uj{B)Y 



Combining the above estimates, similarly to the calculation of Hj, we obtain 



/ I \i 

which further yields that 

(4.5) / oo(S L (M3)(x))dfi(x)<V(B) 



UJ 



|A| 



V{B)p{V{B)), 

This implies that 11/311^ L (x) ^5 L which completes the proof of Proposition 4.1. □ 

4.1 Decompositions into atoms and molecules 

In what follows, let M G N and M > — |), where is as in Assumption (C). 
We also let $ be as in Lemma 2.2 and = £ 2 ( M+1 )$(t) for all t G (0,oo). For all 
/ G L 2 (X x (0, oo)) and x G X, define 



(4.6) **,Lf(x) = / *(iv / L)(/(-, t))(x) 

Jo 

where is the positive constant such that 

(4.7) C* r*(t)t 2 e- t2 — = 1. 

Jo * 
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Here L 2 (X x (0,oo)) denotes the space of all function / G L 2 (X x (0, oo)) with bounded 
support. Recall that a function / on X x (0, oo) having bounded support means that there 
exist a ball B C X and < c\ < C2 such that supp/ C B x (ci, C2). 

Proposition 4.2. Zei L satisfy Assumptions (A) and (B), oj satisfy Assumption (C), 
M > — ^) and irq, t L be as in (4.6). Then 

(i) the operator 7r^ : L, initially defined on the space T^'^Af), extends to a bounded linear 
operator from T 2 (X) to L 2 (X); 

(ii) the operator tt^ : l, initially defined on the space T^(X), extends to a bounded linear 
operator from T^iX) to H Uj l(X). 

Proof, (i) Suppose that / G T 2 2 ' 6 (Af). For any g G L 2 (X), by the Holder inequality and 
(2.8), we have 



dt 

T 



< 



< 



C* / {V(tVL)f,g) 
Jo 

Jx Jrtx) 



dn(x) 



V(y,t) t 

[ A(f)(x)Am^L)9)(x)d^x) < \\f\\ Ti{x) \\g\\ LHx) , 



which implies that Wiv^^if) IIl 2 (A") ^5 II/IIt^A")- F rom this and the density of T^' 6 ^) in 
T$(X), we deduce (i). 

To prove (ii), let / G T*(X). Then, by Lemma 3.1(h), Corollary 3.1 and (i) of this 
proposition, we have 

00 00 

in L 2 (X), where {Xj} ( jL 1 and {aj}JL\ satisfy (3.2). Recall that here, suppa-,- C Bj and 
Bj is a ball of X. 

On the other hand, by (2.8), we have that the operator Sl is bounded on L 2 (X), which 
implies that for all x G X, SL,(Try,L(f))(x) < YlJLi \^j\<^L(ctj)(x). This, combined with 
the monotonicity, continuity and subadditivity of lj, yields that 

„ 00 „ 

/ uj(S L {7r^ )L (f))(x))dfi(x) <J2 u(\Xj\SL{aj)(x))dn(x). 
Jx j=l 

We now show that ctj = TT^^io-j) is a multiple of an (w,M)-atom for each j. Let 

bj = / t 2M t 2 L<f>(tVL)( aj (;t)) —. 
Jo t 

Then ctj = L M bj. Moreover, by Lemma 2.2, for each k G {0, 1, • • • , M}, we have 
supp L k bj C Bj. On the other hand, for any h G L 2 (Bj), by the Holder inequality 
and (2.8), we have 

(rlL) k bj(x)h(x)dfi(x 



x 
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< 



< 



P roc 

/ / t 2M (r 2 B .L) k t 2 L^(tVL)( aj (;t))(x)h(x) 
Jx Jo 

P /*oo 

r 2 Jf / / aj (y,t)(t 2 L) k+1 Ht^)h(y) 
Jx Jo 



dfj>(x) dt 



dfi(y) dt 



r 2 Jf IKHt| W (jf jH \(t 2 L) k+1 HtVL)h(y)\'- 

4f^(^)]- 1/2 [^(^))]- 1 II^IU 2w , 



which implies that aj is an (uj, M)-atom up to a harmless constant. 
By (4.5), we obtain 



X 



7 = 1 JX 



oo 



which implies that ||7r*,L(/)||ff WiZ ,(*) < A({A i a j } j ) < \\f\\ Tui (x), and hence completes the 
proof of Proposition 4.2. □ 



Proposition 4.3. Let L satisfy Assumptions (A) and (B), co satisfy Assumption (C) and 
M > - \). Then for all f G H UjL (X) n L 2 (X), there exist (oj,M) -atoms {ctj}f =1 

and {Xj}j? =1 C C such that f = Yl'jLi ^j a j ^ n both H UJj l(X) and L 2 (X). Moreover, there 
exists a positive constant C such that for all f G H i0 ^(X) n L 2 (X), 



A({A i a i } i ) = inf < 



A > : ^V{Bj 

3=1 



|Ao 



XV{B 3 )p{V{B 3 )) 



< 



l)<C\\f\\H u , L (X)> 



where for each j, ctj is supported in the ball Bj. 

Proof. Let / G H^^X) n L 2 (X). Then by i^oo-functional calculus for L together with 
(4.7), we have 



f = Cy I"" ^{t^L)t 2 Le- t2L f^- = ^, L (t 2 Le~ t2L 
Jo * 



/) 



in L 2 {X). By Definition 4.1 and (2.8), we have t 2 Le- { ' L f G T U (X) n T 2 (X). Applying 
Theorem 3.1, Corollary 3.1 and Proposition 4.2 to t 2 Le~ l L f, we obtain 



/ = Kq, tL (t 2 Le 



-t z L\ 



5^Aj7r<p )L (aj) = ^XjCtj 

3=1 3=1 



in both L 2 {X) and H UtL (X), and A({A j a i } i ) < ||t 2 L e -* L fh^x) ~ IU 1 1 

On the other hand, by the proof of Proposition 4.2, we obtain that for each j G N, a,- 
is an (cj,M)-atom up to a harmless constant, which completes the proof of Proposition 
4.3. □ 
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From Proposition 4.3, similarly to the proof of [21, Corollary 4.1], we deduce the 
following result. We omit the details. 

Corollary 4.1. Let L satisfy Assumptions (A) and (B), ui satisfy Assumption (C) and 
M > |(^- - i). Then for all f G H W)L (X), there exist (ui,M)-atoms {a.j}f =l and 
{Xj}'jL 1 C C such that f = Y^jLi^j a j * n H Ui l(X). Moreover, there exists a positive 
constant C independent of f such that A({XjCtj}j) < C\\f\\n uL (xy 

Let H™'™(X) and i^foi (*) denote the spaces of finite combinations of (uj, M)- 
atoms and (uj, M, e)-molecules, respectively. From Corollary 4.1 and Proposition 4.1, we 
deduce the following density conclusions. 

Corollary 4.2. Let L satisfy Assumptions (A) and (B), uj satisfy Assumption (C), e > 
n(l/p u - l/p+) and M > f - \). Then both the spaces H*'£(X) and H™^ M ' e (X) 
are dense in the space H Uj l(X). 

4.2 Dual spaces of Orlicz-Hardy spaces 

In this subsection, we study the dual space of the Orlicz-Hardy space H W ^(X). We 
begin with some notions. 

Let 4> = L M v be a function in L?(X), where v G V(L M ). Following [18, 17], for e > 0, 
MeN and fixed xo G X, we introduce the space 

M^(L) ^ {cfj = L M v G L\X) : U\\ m m, (l) < oc}, 

where 

r M 

U\\ M M„ EE sup J^^xo,^)] 1 ^^,^)) ^IlL^lUa^.^,,,!))) 
^ 6Z + I k=0 

Notice that if cf> G M^' f '(L) for some e > with norm 1, then <fi is an (uj, M, e)-molecule 
adapted to the ball B(xq, 1). Conversely, if (3 is an (uj, M, e)-molecule adapted to any ball, 
then p G M^' e (L). 

Let A t denote either (I + t 2 L) _1 or e^ 1 and / G (M^' e (L))*, the dual space of 
Mu ,€ (L). We claim that (L - A t ) M f G L\ oc (X) in the sense of distributions. In fact, 
for any ball B, if ip G L 2 (B), then it follows from the Davies-Gaffney estimate (2.6) that 
(I - A t ) M ij G M^> e (L) for every e > 0. Thus, 

\((I-A t ) M fM = \(f,(I -A t ) M ij}\ <C(t,r B , dist(S,xo))||/|| ( ^M, e(L)r ||V|| L2 ( B ), 

which implies that (I — A t ) M f G L 2 oc (X) in the sense of distributions. 
Finally, for any M G N, define 

M%{X)= H (M^(L))*. 

e>n(l/p w -l/p+) 
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Definition 4.4. Let L satisfy Assumptions (A) and (B), oj satisfy Assumption (C), p be 
as in (2.10) and M > §(^- - \). A functional f G M%{X) is said to be in BMOf L (X) 
if 



1 



| BMO « (*) = ™p [V(B) 

where the supremum is taken over all ball B of X. 



■r%L\M 



f(x)\ 2 du.(x) 



nl/2 



< oo, 



The proofs of the following two propositions are similar to those of Lemmas 8.1 and 
8.3 of [18], respectively; we omit the details. 

Proposition 4.4. Let L, oj, p and M be as in Definition 4-4- Then f G BMO^ L (X) if 
and only if f G M„{X) and 



1 



sup 



^y^|(/-(/ + r|L)- 1 )^/(x)| 2 ^) 



1/2 



< OO. 



bcxp(V(B)) [V(B) 

Moreover, the quantity appeared in the left-hand side of the above formula is equivalent to 

II/IIbMO^*)- 

Proposition 4.5. Let L, oj, p and M be as in Definition 4-4- Then there exists a positive 
constant C such that for all f G BMO^ L (X), 



sup 



bcxP(V(B)) [V(B) 



M e -t z L 



2 dp(x) dt 



1/2 



^ C 11/11 BMO^(A-)- 



The following Proposition 4.6 and Corollary 4.3 are a kind of Calderon reproducing 
formulae. 

Proposition 4.6. Let L, oj, p and M be as in Definition 4-4, e > and M > M + e + 

f + t(^J ~~ 1 )' where N is as in ( 2 -4)- Fix x G X. Assume that f G M^f(X) satisfies 



(4.8) 

Then for all (oj, M)-atom a, 
{f, a) = C M 



f kj-(j+wwi 2 Mx)<00 
x i + [d(x,x )r^+m^-i) mx) < °°- 



Xx(0,oo) 



(t 2 L) M e- t2L f(x)t*Le~t 2L a(x) Mx) - , 



where Cm is the positive constant satisfying Cm Jo°° t 2 ( M+1 ^e 2 ' 2 -^ = 1. 



Proof. Let a be an (w, M)-atom supported in B = B(xb,tb)- Notice that (4.8) implies 
that 

f \a - a + Lyr 1 m\ 2 d (x) K 

] x r B + [d(x,XB)] n+ * +2N ^«-V M ' < 
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For R > 5 > 0, write 

-R 



C M f f (t 2 L) M e~ t2L f(x)^Le-t 2 L a (x) Mx) dt 
Js Jx t 

f R 

L <t2i) 



S,C M I "(t^rV'-'a^) = {f,a)-(f,a- C M f" (t'L)"*^-' 2 ^ 



8 

Since a is an (w,M)-atom, by Definition 4.2, there exists b 6 L 2 {X) such that a = L M b. 
Thus, by the fact that M > M + § + f - 1) + e, we obtain 

a = L M b = (L - L(I + L)- 1 + L{I + L)- 1 ) M L^- M b 

M 



= ^ C k M (L - L(I + L)~ 1 ) M ~ k (L(I + L)- 1 ) k L M ~ M b 

k=0 

M _ 

= Y J C k M (I-(I + L)- 1 ) M L M -% 



k=0 



where C M denotes the combinatorial number, which together with -functional calculus 
further implies that 



t 



f,a-C M J s (t 2 L) 

M , f .R 

V C k M ( (I - (I + L)- 1 ^/, L M ~ fc 6 - Cm / (t 2 L) M+1 e - 2 ' 2i L M - V 

M I r s 

Y^C k M Ul-(I + L)- l ) M f,C M / (t 2 L) 

+ £ ((J - (J + L) _1 ) M /, C M j™(t 2 L) M ^e- 2t2L L^ b ^ 



/, 



By (4.8), we see that up to a harmless constant, the term I is bounded by 

(/ K f -( f + £ )"™l a ^(x) 



• v '7; + [cZ(x,x.b)j 
xe- 2 * 2i L^- fc 6(x)^' 2 







I sup <^ 


L 


| 0<fc<M I 





\M+1 



1/2 



(r B +\d(x,x B )] n+t+2N{ ^- l) )d^x) ^ 
< sup V(2V B )^ +Ar( ^- 1) / \\(t 2 L) M+M+1 - k e- 2t2 H\\ mu (B)) J* 



3=0 
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E, ni .n±i + w±- 1),.,,. / ' i dist (£,[/,- (.B)) 2 



0<k<MJ =3 



t 2 



dt 



f2(M-k)+l 



OO /»oo / J. \ 



n/2+e +iV(-L-l) 



dt 



£2(M-M)+1 



< -> o, 

as i? — >■ oo. 

Similarly, the term H is controlled by 



|(J-(/ + L)-W(x)|^ 



1 1/2 1 




V sup <^ 


L 


| 0<fc<M I 





2 r\M+l 



x e- 2 * 2L L M - fc 6(x)^r(r i? + [d(x,x B )] n+e+2JV( ^- 1) )^(x) 



1/2 



oo 

< y: sup (2^ b) ^)/ 2+jv ^- 1 ) 

,0<fc<M 



J=0' 



2 1 V2 oo 

d/i(x)l ~E H J- 

J j=0 



x { / f\t 2 L) M+1 e- 2t2L L M - k b(x)- 

[JUj(B) JO t 

For j > 3, we further have 

(4.9) H,< sup {Vr B )^ +N ^ j\\{t 2 L)^e^ L L^-%\\ L , {U]{B)) ^ 

0<k<M Jo t 

- k b\\mx) I 
Jo 



< sup {Vr B )^- +N{ t' l) \\L M ~ 

0<k<M 



exp < - 



dist (B,Uj(B)) 2 \ dt 



< (2 J r B ) 



■I ' r n ) t ' ~ J 



n + (. 
2 v pa; 



t 2 j t 

< 2- je / 2 5 n/2+e+N{ ^~ 1) . 



Notice that for each i € N, {5 2 L) % e 2&2l — >■ and e 2<j2l — / — >■ in the strong operator 
topology as 5 — > 0. Thus, for j = 0, 1, 2, we obtain 



(4.10) 



H,- < sup 



0<fc<M 



% sup 

0<fc<M 



\t 2 L)^ M+1 h~ 2t2L L M ~ k b{x)- 



o 

M 



^\\(S 2 Lye- 2S2L (L M -H)\\ LHUjm 



i=i 



+ e" 



-25 2 L 



/)(L M ^6)|| L2(c/j(B)) 



0, 



as (5 — )■ 0. The estimates (4.9) and (4.10) imply that H — > as 5 — > 0, and hence complete 
the proof of Proposition 4.6. □ 
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To prove that Proposition 4.6 holds for all / G BMO^ L (X), we need the following 
"dyadic cubes" on spaces of homogeneous type constructed by Christ [6, Theorem 11]. 

Lemma 4.1. There exists a collection {Q^ C X : k G Z, a G o/ open subsets, 
where denotes some (possibly finite) index set depending on k, and constants 5 G (0, 1), 
do G (0, 1) and C5 G (0, oo) such that 

(i) fi(X \ U a Qi) = for all k G Z; 

(ii) ifi>k, then either C Q k or Q l a n = 0; 

(m) /or eac/i (A;, a) and each i < k, there exists a unique (3 such that Q k a C Q^; 

(iv) the diameter of Q k a is no more than C^5 k ; 

(v) each Q k a contains certain ball B(z k ,aoS k ). 

From Proposition 4.6 and Lemma 4.1, we deduce the following conclusion. 

Corollary 4.3. Let L, u, p and M be as in Definition 4.4 and M > M + | + ~~ 1) • 
Then for all (u, M)-atom a and f G BMO^ L (Af), 



</, a) = C M [ (t 2 L) M e- t2L f(x)t^Le- t2L a(x 

JXx(O.oo) 



dfi(x) dt 



IXx(0,oo) 

where Cm is as in Proposition 4-6. 

Proof. Let e G (0, M - M - § - f - 1)). By Proposition 4.6, we only need to show 
that (4.8) with such an e holds for all / G BMOf L {X). 

Let all the notation be the same as in Lemma 4.1. For each j G Z, choose kj G Z such 
that C 5 6 k i < H < C 5 <5 fc J' -1 . Let B = B(x , 1), where x is as in (4.8), and 

Mj = {P G I k0 : Q k0 n B(x , C 5 5 k ^ 1 ) + 0}. 

Then for each j G Z + , 

(4.11) ^-(BjcB^Cs^C |J c5(x ,2C 5 <5^- 1 ). 

By Lemma 4.1, the sets Q k ° for all (3 G Mj are disjoint. Moreover, by (iv) and (v) of 
Lemma 4.1, there exists G Q k ° such that 

(4.12) B(z ko ,a 5 ko ) C Q k ° C B(z k °, C 5 5 k °) C 5(4°, 1). 

Thus, by Proposition 4.4, (2.4) and the fact that p is of upper type l/p w — 1, we have 

Ua" 1 + [d(x,x )]^+^Wp^) ^ } 



J2 2 - jK n + e)/2+N(l/ Pw -l)] f £ j \{I - {I + L)^ f {x)\ 2 dp{x)\ 



1/2 



22 



Renjin Jiang and Dachun Yang 



< 



^ 2 -j[(n+e)/2+JV(l/p w -l)] ( 



< 



j=0 



3=0 



E wn4M))] 2 ^(^M)ii/iiBMo- w 



1/2 



1/2 



•j[(n+e)/2+iV(l/pa;-l)] 



< 



-j(n+e)/2 



j=0 



E 2 2 ^ 1 ^- 1 )[p(y(x ,l))] 2 y(4°,l) 
i 1/2 

E n*?,!)' 



By (4.11), (4.12) and (2.3), we obtain 

E V (4°,l)< E V(z*°,a6 k °)< E nQ"°)<^(xo,2C 5 ^- 1 )<2^y( J B), 

/3eMj /3eMj peMj 

which further implies that H < oo, and hence completes the proof of Corollary 4.3. □ 
Using Corollary 4.3, we now establish the duality between H W>L (X) and BMOf L (X). 

Theorem 4.1. Let L satisfy Assumptions (A) and (B), uj satisfy Assumption (C), p be 
as in (2.10), M > f - \) and M > M + § + f (^ - 1). Then (H U , L (X))* , the dual 
space of H LOy i J (X), coincides with BMO^ L (Af) in the following sense. 

(i) Let g G BMO^(A'). Then the linear functional i g , which is initially defined on 



(4.13) 



Uf) = {g,f), 



has a unique extension to H LUj l(X) with l (x))* < ^IbllBMO^A")' where C is a 

positive constant independent of g. 

(ii) Conversely, let e > n(l/p ul -l/p+). Then for any I G (H UiL (X))* , I G BMO^ (*) 

with \\i\\ BMO M < C\\£\\( H „ tL (x))* and (4.13) holds for all f G H^ M ' e (X), where C is 
a positive constant independent of £. 

Proof. Let g G BMO™ L (X). For any / G H^(X), by Proposition 4.1, we have that 
t 2 Le~ t2L f G T U (X). By Theorem 3.1, there exist {Xj}j° =1 C C and T w (^)-atoms {aj}f =l 
supported in {Bj}JL 1 such that (3.1) and (3.2) hold. This, together with Corollary 4.3, 
the Holder inequality, Proposition 4.5 and Remark 3.1(h), yields that 



(4.14) 



1(5,/) I 



dfi(x) dt 



POO f' 

C S / / {t 2 L) M e-* L g(x)t*Le-^f(x 
Jo jx 

E \H [ \ x \(t 2 L) M e-^g( X )a 3 ( X ,t)\^^ 



< E l A illl a illT|(A') 

j 



' I \(t 2 L) 



M e- t2L g(x)\ 2Mx)dt 



1/2 
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j 

~ H/llH w ,x,(Ar)llffllBMO^(Ar)- 

Then by Proposition 4.2, we obtain (i). 

Conversely, let t £ (H UiL (X))*. If g € A^* f ' e (L), then 5 is a multiple of an (u>,M,e)- 
molecule. Moreover, if e > n(l/p u — then by Proposition 4.1, we have 5 6 H LO! l(X) 

and hence M^' e {L) C %^). Then £ G M*' (*)• 

On the other hand, for any ball 7>, let G L 2 (B) with ||0||l2( B ) < ryTg^pT^TyTgy) an d 

/3 = (I -[I + r\L\- v ) M 4>. Obviously, (3 = (r 2 B L) M (I + r 2 B L)~ M (p = L M b. Then from 
the fact that {{t 2 L) k {I + r B L)~ M } <k<M satisfy the Davies-Gaffney estimate (see Lemma 
2.1), we deduce that for each j € Z + and fc = 0, 1, • • • , M, we have 

\\(r 2 B L) k b\\ L , mB)) =r| M ||(7-[7 + r|L]- 1 ) fe (7 + r|L)-( M - fe )^|| L2([/ . (B)) 

< r|/ w exp j — ± j ||0||l2( B ) 

< rB M 2 -2j(M+e) 2 jn(l/p^-l/2) [V (2 j B)}' 1 / 2 [p{V {2 j B))}' 1 

<r 2 B M 2- 2 ^[V{yB)]-V 2 [p{V{2iB))]-\ 

since 2M > n(l/p u — 1/2). Thus, /3 is a multiple of an (w, M, e)-molecule. Since (7 — 
[7 + t 2 L]- v ) M t is well defined and belongs to L\ oc (X) for every t > 0, by the fact that 

| ((J _ [7 + rlL]- 1 )^,^)! = |(^(/- [Z + rlL]- 1 )^)! = < 
which further implies that 

W (^) / B 1(7 - [/ + ^]- 1 )^(x)| 2 V2 



p(V(5)) 
= sup 



li2( B )<l 



(7-[7 + r^7]- 



[K(B)]vvns)) 



< 



Thus, by Proposition 4.4, we obtain £ G BMO^ L (X), which completes the proof of Theo- 
rem 4.1. □ 

Remark 4.2. By Theorem 4.1, we have that for all M > § (^-5), the spaces BMO^fVt) 
coincide with equivalent norms; thus, in what follows, we denote BMO^ L (X) simply by 
BMO P)L (*). 

Recall that a measure dp, on X x (0, 00) is called a p-Carleson measure if 

^^si^wi^r <o °' 
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where the supremum is taken over all balls B of X and B denotes the tent over B; see 
[16]- 

Using Theorem 4.1 and Proposition 4.5, we obtain the following p-Carleson measure 
characterization of BMO /9i ^(Af). 

Theorem 4.2. Let L satisfy Assumptions (A) and (B), oj satisfy Assumption (C), p be 
as in (2.10) and M > ^(^ — i). Then the following conditions are equivalent: 

(i) f G BMO P:L (X); 

(ii) f G A4^f(X) satisfies (4.8) for some e > 0, and dpj is a p-Carleson measure, 
where dp f is defined by dp f = \(t 2 L) M e^ 2 L f (x)\ 2 . 

Moreover, ||/||bmo p l {x) an d ll^/llp are comparable. 

Proof. It follows from Proposition 4.5 and the proof of Corollary 4.3 that (i) implies (ii). 
Conversely, let M>M + e + § + - 1). By Proposition 4.6, we have 

(/, 9) = Cm! (t 2 L) M e- t2L fXx)tiLe-^ g (x)^^, 

where g is any finite combination of (oj, M)-atoms. Then similarly to the estimate of 

(4.14) , we obtain that 

(4.15) \{f\g)\<W f \\ P \\g\\H^xy 

Since, by Corollary 4.2, H^^(X) is dense in H u ,l(X), this together with Theorem 4.1 
and (4.15) implies that / G (Hu,l(X))* = BMO^^), which completes the proof of 
Theorem 4.2. □ 



5 Characterizations of Orlicz-Hardy spaces 

In this section, we characterize the Orlicz-Hardy spaces by atoms, molecules and the 
Lusin-area function associated with the Poisson semigroup. Let us begin with some no- 
tions. 

Definition 5.1. Let L satisfy Assumptions (A) and (B), oj satisfy Assumption (C) and 
M > f (^ - 1). A distribution f G (BMO p>L (X))* is said to be in the space H™ at (X) if 
there exist {Xj}j? =1 C C and (oj, M) — atoms {ctj}'^ =1 such that f = YlJLi ^j a j i n the norm 

of (BMO P)L (X))* and YljLi V ( B j) u; (. v(B J )plv{B ] )) ) < °°' where f or each 3, suppay C Bj. 
Moreover, for any f G H^f &t (X), its norm is defined by WfWjjM i x \ = inf A ( -[ Aj ctj T ^ ) , 

1 uj , at V / 

where A({\jaj}j) is the same as in Proposition 4-3 and the infimum is taken over all 
possible decompositions of f . 

Definition 5.2. Let L satisfy Assumptions (A) and (B), oj satisfy Assumption (C), M > 
iKpb ~~ 5) an( ^ e ^ n (l/P^ ~~ 1/Pw). A distribution f G (BMO Pj l(X))* is said to be in 
the space H^f^ ol (X) if there exist C C and (oj, M,e) — molecules {f3j}'jL l such that 
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/ = Ef=i¥j in the norm °f (BMO„, L (*))* «nd Ej° = iy(^>( v( Bj )^(B 3 .)) ) < °°> 
where for each j, (3j is associated to the ball Bj. 

Moreover, for any f G H^f^ ol (X), its norm is defined by \\f\\ M , e (x) = inf A({\j(3j}j), 

where A({\jj3j}j) is the same as in Proposition 4-3 and the infimum is taken over all 
possible decompositions of f. 

For all / G L 2 (X) and x G X, define the Lusin area function associated to the Poisson 
semigroup by 



:(*) 

Similarly to Definition 4.1, we define the space H Wj s P {X) as follows. 

Definition 5.3. Lei L satisfy Assumptions (A) and (B), lo satisfy Assumption (C) and 
1Z(L) be as in (4.2). A function f G Tl{V) is said to be in H 0Jj s p (X) if Sp(f) G L(oj); 
moreover, define 

H„, Sp{ x) = \\Sp{f)\\ m = mf {a > : J ^ ^D&Fj Mx) < i 
The Orlicz-Hardy space H LOj s p (X) is defined to be the completion of H LU ^ P (X) * n the norm 

We now show that the spaces H^^X), H^ at (X), H^£ ol (X) and Hu,s P {X) coincide 
with equivalent norms. 

5.1 Atomic and molecular characterizations 

In this subsection, we establish the atomic and the molecular characterizations of the 
Orlicz-Hardy spaces. We start with the following auxiliary result. 

Proposition 5.1. Let L satisfy Assumptions (A) and (B) and lo satisfy Assumption (C). 
Fix t G (0, oo) and B = B(xq,R). Then there exists a positive constant C(t,R,B) such 
that for all <f> G L 2 {B), t 2 L e - t2L (f) G BMO PiL (X) and 

II^Le-^HBMO^W < C(t,R,B)U\\ L2{Sy 

Proof Let M > § (± - \). For any ball B = B(x B ,r B ), let 

1/2 



H 



-^k(nW/ B |(7 - e " |L, " t2Le "'^ w|2 * w ) ■ 



We now consider two cases. Case i) r B > R- In this case, either B C 2 3 B or there 
exists k > 3 such that B C {2 k+1 B \ 2 k - 1 B). If B C 2 3 B, we have [V(B)] 1 / 2 p{V{B)) < 
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[V(B)] 1 / 2 p(V(B)). This together with the L 2 (^)-boundedness of the operator t 2 Le^ L 
(see Lemma 2.1) yields that H < r ,~^!f? {B \~,, , which is a desired estimate. 

V ' J ~ [V(B)] 1 / 2 p(V(B)) ' 

If B C 2 k+1 B \ 2 k - l B for some k > 3, we then have B C 2 k+1 B and dist (B,B) > 
2 k ~ 2 r B > 2 k ~ 2 R. Thus, by the Davies-Gaffney estimate, we obtain 

2 n(fc+2)(l/p w -l/2) r dist (5 B )2l 



[V{2 k + 2 B)] l l 2 P (V{2 k + 2 B)) y [ " t 2 ^ j^LHB) 

^^(1/^-1/2)^11^^ , t . w (l/p„-l/2)^ f t y { l /Pu -l/2) ||w||£Jui) 



[K(S)]V2^(B)) V 2 ^/ ~ W [F(B)]V2p(y(B))' 

which is also a desired estimate. 

Case ii) tb < R- In this case, we further consider two subcases. If d(xB,xo) < 4R, 
then B C B(xb, 5B) and hence 

/ R \ "(Vp^-1/2) 

(5.2) [V{B)\ 1/2 P(V(B)) < (-J [V{B)\ 1/2 P(V{B))- 

On the other hand, noticing that / — e~ r s L = f B Le~ rL dr, by the Minkowski inequality 
and the L 2 (Af)-boundedness of the operator t 2 Le~ t2L , we have 

(5.3) Q \{I - e- r B L ) M t 2 Le- t2L <j>{x)\ 2 dpL{x]j' 2 

[ r % ■ ■ ■ r* t 2 L M+1 e-(^+-+^+* 2 ) L 0(x) dn ■ • ■ dr M 
J B JO JO 

f r B f r B t 2 /r B \ 

'Wo -Jo {r 1 + ... + r M + t 2 )M^- dr -^{T) 



2 \ V2 

dfi(x) 



L 2 (B) ' 



By 2M > n(j — i) and the estimates (5.2) and (5.3), we obtain 



H< 



R\ 2M H\\ lH b) ^ 



which is also a desired estimate. 

If d(x B ,x ) > 4B, then there exists fc > 3 such that d(x B ,x ) G (2 k °~ 1 R, 2 k °R]. Thus, 
B C B(x B , 2 fco+1 B), dist (B, B) > 2 fc °- 2 B and 

(5.4) [V(B)] 1/2 P(V(B)) < [V (B)] 1 / 2 p(V (B)) . 

By the Davies-Gaffney estimate, we further obtain 

1/2 



Jb ^ 



e- r B L ) M t 2 Le- tL <l)(x)\'dp{x\ 
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= ( f f B ... f B t 2 L M+1 e -^ + - +r ^ L cf>(x) dri . . . drM 

\ J B JO JO 



2 \ 

dfi(x) 



<['■...['■ 

Jo Jo 



(n + --- + r M + t 2 ) 



M+l 



j dist (B,B) 2 1 
X eX P - ri + ... +rM+t 2 W\»{B) dr ±'-- dr M 



< 



/tb\ 2M f t + r B \ 

\ t ) v 2h)R ) 



n(l/p w -l/2) 

L 2 (B)> 



which, together with (5.4), rp < R and 2M > yields that 



H < 



R + t\ 2M H\\ lH b) 



t ) [V{B)Yl 2 p(V(B)) 
This is also a desired estimate, which completes the proof of Proposition 5.1. □ 

From Proposition 5.1, it follows that for each / G (BMO Pi l(X))* , t 2 Le~ t2L f is well 
defined. In fact, for any ball B = B(xB,rB) and </> G L 2 (B), by Proposition 5.1, we have 

\{t 2 Le~ t2L f\4>)\ = |(/,t 2 Le-* 2 ^)| < C(t,r B ,B)U\\ L 2 {B) \\f\\ {BMOpL(x) y t , 

which implies that t 2 Le~~ t2L f G L 2 oc (X) in the sense of distributions. Moreover, recalling 
that the atomic decomposition obtained in Corollary 4.1 holds in H^^p^X), then by The- 
orem 4.1, we see the atomic decomposition also holds in (BMO Pj l(X))* . Applying these 
observations, similarly to the proof of [21, Theorem 5.1], we have the following result. We 
omit the details here. 

Theorem 5.1. Let L satisfy Assumptions (A) and (B), u satisfy Assumption (C), M > 
" 5) and e > n (VP« - T/ien tfie spaces H U , L {X), H™ at (X) and H^JX) 

coincide with equivalent norms. 

5.2 A characterization by the Lusin area function Sp 

In this subsection, we characterize the space H W: l(X) by the Lusin area function Sp 
as in (5.1). We start with the following auxiliary conclusion. 

Lemma 5.1. Let K G Z+. Then the operator (ty/L) K e~ l ^~^ is bounded on L 2 (X) uni- 
formly in t. Moreover, there exists a positive constant C such that for all closed sets E, F 
in X with dist (E, F) > 0, all t > and f G L 2 (E), 

||(tVZ) 2 *e-^/|| L2(F) + WitVZf^e-^fh^ < C [ disi{E F) ) \\f\\L H E). 
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Proof. It was proved in [18, Lemma 5.1] and [17, Lemma 4.15] that 

\ 2K+1 



H(tvT) 



2if -tvT 



/II 



L 2 {F) 



< 



t 



dist (E 



L 2 {E)- 



To establish a similar estimate for (t\f~L) 2K+l e l ^f, we first notice that the subordi- 
nation formula 



(5.5) 

implies that 



— 1 r°° f~ u +2 
V 71 " Jo V u 



i r 



te~ u L 

3/2 



W 



t 2 

e~i^ L f du. 



Then by the Minkowski inequality and Lemma 2.1, we obtain 



II (tVZ) 



2K+l-tVZ 



fh 2 (F) 



4u 



-L 



K+l 



e~^ L f 



u K du 



L 2 (F) 



< 



< 



exp 



u dist (E,F) 2 \ K 

^2 \ U du \\f\\L 2 (E) 



dist (E, F) 



2K+1 



WfhHE)- 



To show that (ty/L) 2K+1 e is bounded on L 2 (X) uniformly in t, by the boundedness 
of t 2 Le~ l L on L 2 (X) uniformly in t, we have 



||(^) 2 *+V^/|| i2w <^^ 



2 X K+l 2 



4u y 



< 



/ * u K du\\f\\ L , {x) <\\f\\ LHx) . 
o v u 



Similarly, we have that (ty/L) 2K e is bounded on L 2 (X) uniformly in t, which com- 
pletes the proof of Lemma 5.1. □ 

Similarly to [21, Lemma 5.1], we have the following lemma. We omit the details. Recall 
that a nonnegative sublinear operator T means that T is sublinear and Tf > for all / 
in the domain of T. 

Lemma 5.2. Let L satisfy Assumptions (A) and (B), uj satisfy Assumption (C) and 

M > ^(^ i). Suppose that T is a linear (resp. nonnegative sublinear) operator, which 

maps L 2 (X) continuously into weak-L 2 (X). If there exists a positive constant C such that 
for all (to, M)-atom a, 

(5.6) J^{T{\a){x)) dn{x) < CV(B)u; ( , 
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then T extends to a bounded linear (resp. sublinear) operator from H UJt i J (X) to L{u); 
moreover, there exists a positive constant C such that for all f G H^^X), \\Tf\\ L ^ < 

C\\f\\ Hw<L {x)- 

Theorem 5.2. Let L satisfy Assumptions (A) and (B) and uj satisfy Assumption (C). 
Then the spaces H^^X) and H UJ s p (X) coincide with equivalent norms. 

Proof. Let us first prove that H Wj l(X) C H u ^ p (X). By (2.8), we have that the operator 
Sp is bounded on L 2 (R n ). Thus, by Lemma 5.2, to show that H 0Jj l(X) C H LUj s p (X), we 
only need to show that (5.6) holds with T = S P , where M G N and M > f (^ - \). 
Indeed, it is enough to show that for all / G H W ^ L (X) n L 2 (X), \\S P (f)\\ L ^ < \\f\\H UtL (X), 
which implies that (H w ^(X)nL 2 (X)) C H Ui s p (X). Then by the completeness of H^ ^X) 
and H Wf s p (X), we see that H U)L {X) C H LUjSp (X). 

Suppose that A G C and a is an (w,M)-atom supported in B = B{xb,tb)- Since uj is 
concave, by the Jensen inequality and the Holder inequality, we have 



„ oo „ 

/ u{S P (\a){x))dn{x) =J2 u(\\\S P (a)(x)) dfi(x) 

JX k=0 JU k (B) 

<Evp'»( l>IJft " )5 1* )W 

Since Sp is bounded on L 2 (X), for fc = 0, 1, 2, we have 

IISlWIUwb)) S IMI^w £ [^(^)]" 1/2 [p(^(^))] _1 - 

For k > 3, write 

d(x,x £ ) 

IISp(a)lliwB)) = / / I^)I 2 S|W 

Ju k (B)J0 Jd{x,y)<t V{X,t) t 

P f'OO P 

+ / I , / ■ • ■ = Ifc + Jfc. 

-/^f^ id(x,y)<t 

Since a is an (uj, M)-atom, by Definition 4.2, we have a = L M b with b as in Definition 
4.2. To estimate let F k (B) = {y £ X : d(x,y) < d(x, xb)/^ for some x G [4 (£?)}. 
Then we have d(y,z) > d{x,xp) — d(z,XB) — d(y,x) > |d(x, xb) — rp > 2 k ~ 2 rp. By 
Lemma 5.1, we have 

" T B r r- rlt 



I*</ TB [ \(tVL) 2M+1 e-^b(y)\ 2 d^y) 
JO J Fh(B) 



>F k{B) 't 4M+1 

4M+2 

< llfcll? 



lL 2 (A-) 
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For the term J*., notice that if x G U^B), then we have cI(x,xb) > 2 fe Vb, which 
together with Lemma 5.1 yields that 



h< [ \(t^L) 2M+1 e-^b(y)fd»(y)- 



dt 

\\"\\L^X) i ] W+l - - ! s 1 ; £J ~ 



Using the estimates of and together with the strictly lower type p w of oj, we obtain 

Ff2 fc m„Y |A|l|tSp(a)llL2 ^ (B) ^ < 2 ~^V(2 k B) ( V{B) Y" /2 J 

< 2-M2Mp w -n(l-p w /2)]y/m 

where 2Mp w > n(l —p w /2). Thus, we finally obtain that 



|A| 



JAj y 



^ c(5 P (Aa) (*)) dn{x) < V(B )oj y v{B)p{y {B)) j . 

that is, (5.6) holds. This finishes the proof of the inclusion of H U ^(X) into H Wi s p (X). 

Conversely, for any / G H UiSp (X) n L 2 (^), we have ty/Ze'^f G T w (#), which 
together with Proposition 4.2(h) implies that 7r$ ^(t-v/Le - *"^ /) G Hu,l{X). 

On the other hand, by i^-functional calculus, we have / = W^tt^l m 

L 2 (Af), where is the positive constant such that J °° ^(t)te~*-y = 1 and (7$ is 

as in (4.7). This, combined with the fact Try ^{t\fLe~ ty ^ J /) G H UJt i J (X), implies that 
/ G H u); l(X). Via a density argument, we further obtain H Ut s p (X) C H U; l(X), which 
completes the proof of Theorem 5.2. □ 

Remark 5.1. (i) Since the atoms are associated with L, they do not have vanishing 
integral in general. Hofmann et al [17] introduced the so-called the conservation property 
of the semigroup, namely, e~ tL l = 1 in L 2 loc (X), and showed that under this assumption 
and Assumptions (A) and (B), then for each (1, M)-atom a, J x a(x) dfj,(x) = 0. From this 
and Proposition 4.3, we immediately deduce that if L satisfies Assumptions (A) and (B) 
and has the conservation property, and oj satisfies Assumption (C) with p w G (n/(rc+ 1), 1], 
then H lu l(X) C H uj (X), where X is an Ahlfors n-regular space (see [32]). In particular, 
H P L (X) C H p (X) for all p G (n/(n + 1), 1]. 

(ii) Let s G Z + . The semigroup {e~* L } t> o is said to have the s-generalized conservation 
property, if for all 7 G Z™ with | — y | < s, 

(5.7) e- tL ((-V)(x) = x y m L 2 oc (M"), 
namely, for every <p G L 2 (R n ) with bounded support, 

(5.8) / x^e~ tL 0(x)dx= [ e _ * L ((-) 7 )(a;)<Kx) dx = [ x^0(x)dx, 
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where x 7 = xj 1 ■ ■ ■ x%" for x = (x±, ■ ■ ■ , x n ) G W 1 and 7 = (71, ■ ■ ■ , j n ) G . 

Notice that for any <j) with bounded support and 7 G Z™, by the Davies-Gaffney 
estimate, one can easily check that x 7 e~ tL 4>(x) , x 7 (I + L)~ 1 (f)(x) G L 1 (M n ). Hence, by 

(5.8) and the L 2 (JR™)-functional calculus, we obtain 

(5.9) / x^{I + LY l 4>(x)dx= [ eT l [ x^ e~ tL <j)(x) dx dt = I x 7 </>(x) dx. 

JR™ JO |_</R n J Jk™ 

Let a be an (oj, M)-atom and s = [n(^- — 1)J . By Definition 4.2, there exists b G T>(L M ) 
such that a = L M b. Thus, if L satisfies (5.7), then for all 7 G Z™ and | 7 | < s, by (5.8) 
and (5.9), we obtain 



/ x 7 a(x)d/x(x) 
= [ x 7 (/ + L)- 1 a(x)d/i(x) 

= [ x^{I + L)-\l + L)L M - 1 b{x)d^{x)- f x^(I + L)- 1 L M - 1 b{x)dn(x) 
= [ x' r L M - 1 b(x)dn{x)- f x\I + L)- 1 L M - 1 b{x)d^{x) =0, 

JR™ JR™ 

which implies that a is a classical -ff LJ (]R n )-atom; for the definition of ^(M n )-atoms, see 
[32]. 

Thus, if L satisfies (5.7) and Assumptions (A) and (B), and oj satisfies Assumption 
(C), then by Proposition 4.3, we know that i7 w>L (M n ) C hJ(W 1 ). In particular, H p L (R n ) C 
HP(R n ) for allpe (0,1]. 



6 Applications to Schrodinger operators 

In this section, let X = R n and L = — A + 7 be a Schrodinger operator, where 
V G L\ oc (W 1 ) is a nonnegative potential. We establish several characterizations of the 
corresponding Orlicz-Hardy spaces H U! ,L(^- n ) by beginning with some notions. 

Since V is a nonnegative function, by the Feynman-Kac formula, we obtain that ht, 
the kernel of the semigroup e~ tL , satisfies that for all x, y G M. n and t G (0, 00), 

(6.1) < h t (x, y) < (4vrt)- n/2 exp 

It is easy to see that L satisfies Assumptions (A) and (B). 

From Theorems 5.1 and 5.2, we deduce the following conclusions on Hardy spaces 
associated with L. 

Theorem 6.1. Let oj be as in Assumption (C), M > §(^jj — \) and e > n(\/pu — 1/p^)- 

Then the spaces i^ iL (M n ), H^ at (R n ), H^ ol (R n ) and i^ ilSp (M n ) coincide with equivalent 
norms. 




32 



Renjin Jiang and Dachun Yang 



Let us now establish the boundedness of the Riesz transform VL l l 2 on H (JJi i,(M. ri ). We 
first recall a lemma established in [17]. 

Lemma 6.1. There exist two positive constants C and c such that for all closed sets E 
and F in R n and f G L 2 (E), 

\\tVe- t2L f\\ L2{F) < Cexp|- dist g' F)2 } ||/|| i2(£) . 

Theorem 6.2. Let uj be as in Assumption (C). Then the Riesz transform VL" 1 / 2 is 
bounded from fl W) £ ( (R Tl ) to L(co). 

Proof. It was proved in [17] that the Riesz transform VL -1 / 2 is bounded on L 2 (M n ); thus, 
to prove Theorem 6.2, by Lemma 5.2, it suffices to show that (5.6) holds. 

Suppose that A € C and a = L M b is an (w,M)-atom supported in B = B(xB,rB), 
where b is as in Definition 4.2 and we choose M € N such that M > §(^jj — \)- 

For j = 0,1,2, by the Jensen inequality, the Holder inequality and the L 2 (M. n )- 
boundedness of VL -1 / 2 , we obtain 

Let us estimate the case j > 3. By [18, Lemma 2.3], we see that the operator 
tX7(t 2 L) M e~ t L also satisfies the Davies-Gaffney estimate. By this, the fact that uj^ 1 
is convex, the Jensen inequality, the Holder inequality and Lemma 6.1, we obtain 

"" 1 feX j( B," (|AVL " 1/2aWI) ' il ) 

< 1 / -1 



~ \Uj{B)\ JUj(B) 



^ jf XVe- t2L a(x) dt ^ 



< 

< w toj rr dist^,^-^)) 2 ! 



|17j(B)|V2 _/ ^ ^ rf 2 j t 2M+l 

< l A Hl fe ll^(M") r^ rRr 2M min M y>B] dt^ i(2M+n/2) \X\ 

where c is a positive constant. Since uj is of lower type p^, we obtain 

X J(S) K|AVi " /2 " (i)l)di £ p ' mw ( 2 " ,2M+ " /2, mIW) 

< 2 -j[2Mp w +n(p w /2-l)]| R | w A l A l ^ 
' ' \P(\B\)\B\J' 

Combining the above estimates and using M > §(^- - ±), we obtain that (5.6) holds 
for VL -1 / 2 , which completes the proof of Theorem 6.2. □ 
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It was proved in [17] that the Riesz transform VL -1 / 2 is bounded from H^W 1 ) to 
H l (W n ). Similarly to [21, Theorem 7.4], we have the following result. We omit the details 
here; see [20, 32, 27] for more details about the Hardy-Orlicz space H Ld (W l ). 

Theorem 6.3. Let uj be as in Assumption (C) and p w G (^pj, 1]. Then the Riesz trans- 
form VL -1 / 2 is bounded from i^ jL (IR n ) to H u (R n ). 

We next characterize the Orlicz-Hardy space H U] ^(M n ) via maximal functions. To this 
end, we first introduce some notions. 

Let v > 0. Recall that for all measurable function g on R" +1 and x G R n , the Lusin 
area function A u {g){x) is defined by A v (g)(x) = (f r , ^ \g(y, t)\ 2 ■^^-) 1 ^ 2 . Also the non- 
tangential maximal function is defined by M u {g){x) = sup( y j)eT„(x) \9(y^)\- 

Lemma 6.2. Let n, v G (0, oo). Then there exists a positive constant C , depending on r/ 
and v , such that for all measurable function g on 

(6.2) C- 1 I u(Ar,(g)(x))dx< f uj(A u (g)(x))dx <C I uj(A v (g)(x)) dx 

JW 1 JR n JW 1 

and 

(6.3) C- 1 f oj{N v {g){x))dx< f uj{N v {g){x))dx < C [ w(^( 5 )(x)) dx. 

JR™ JR™ JR™ 

Proof. (6.2) was established in [21, Lemma 3.2], while (6.3) can be proved by an argument 
similar to those used in the proofs of [5, Theorem 2.3] and [21, Lemma 5.3]. We omit the 
details, which completes the proof of Lemma 6.2. □ 

For any G (0,oo), / G L 2 (R n ) and x G R n , let Af£(f)(x) = M 13 '(e^ 1 f)(x), 
AfP(f)(x) = NP{e-^f){x), K h (f)(x) = sup, >0 \e- t2L f(x)\ and 

^p(/)(x)^sup|e-^/(x)|. 

t>o 

We denote Af^(f) anc ^ Afp(f) simply by Afh(f ) and Afp(f), respectively. 
Similarly to Definition 4.1, we introduce the space H^^^W 1 ) as follows. 

Definition 6.1. Let uj be as in Assumption (C) and TZ(L) as in (4.2). A function f G 
1Z(L) is said to be in H^^iW 1 ) if Afh(f) G L(po); moreover, define 

H/H^WM") = = inf {A > : J^co dx < l| . 

The Hardy space H w j\r h (M. n ) is defined to be the completion of H u) j^ h {W l ) in the norm 
II " \\H uMh (w>y 

The spaces H L0 ^ p (W a ), H UJ> ii h (M n ) and H Wi n p (M. n ) are defined in a similar way. 
The following Moser type local boundedness estimate was established in [17]. 
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Lemma 6.3. Let u be a weak solution of Lu = Lu — dfu = in the ball B(Yq, 2r) C 
Then for all p G (0, oo), there exists a positive constant C{n,p) such that 

sup \u(Y)\ < C(n,p) (-L / \u(Y)\?dY) . 

YeB{Y ,r) \ r T JB(Y ,2r) J 

To establish the maximal function characterizations of i? Wj £,(R n ), an extra assumption 
on cj is needed. 

Assumption (D). Let oj satisfy Assumption (C). Suppose that there exist q±, c/2 G (0, oo) 
such that qi < 1 < q2 and [u(t q2 )] qi is a convex function on (0, oo). □ 

Notice that if oj(t) = t' p with p G (0, 1] for all t G (0, oo), then for all qi G (0, 1) and 
Q2 G [l/(pgi),oo), ^(i 92 )] 91 is a convex function on (0, oo); if oj(t) = i 1 / 2 ln(e 4 + 1) for all 
t G (0, oo), then it is easy to check that [oj(£ 4 )] 1//2 is a convex function on (0, oo). 

Theorem 6.4. Let oj be as in Assumption (D). Then the spaces H u!t i J (M n ), H u , ; j\f h (W n ), 
Hu^piW 1 ), H LOj Ti h (W l ) and H UJt Ti p (W l ) coincide with equivalent norms. 

Proof We first show that H u>L (R n ) C H Uj tf h (R n ). By (6.1), for all / G L 2 (R n ) and 
x G M. n , we have 

|2> 



W)(x)< sup t~ n [ eW (- l -y—^-)\f(z)\dz 

yeB(x,t) JR™ V 4t J 

<J2 sup *"»/ exp(-fc^W)|dz 



<M(/)(rr) + X; sup t - n 2~^ \f(z)\dz<M(f)(x), 

j=2 yeB(x,t) Ju 3 (B(y,2t)) 

where M is the Hardy-Littlewood maximal function on W l . Thus, Mh is bounded on 
L 2 (R n ). 

Thus, by Lemma 5.2 and the completeness of H^^iW 1 ) and ^^(M. 11 ), similarly to 
the proof of Theorem 5.2, we only need to show that for each (w, M)-atom a, (5.6) holds 
with T = Mh, where M G N and M > f (^ - \). 

To this end, suppose that a is an (w,M)-atom and suppa C B = B{xb,tb)- For 
j = 0, • • • , 10, since Mh is bounded on L 2 (R ra ), by the Jensen inequality and the Holder 
inequality, we have that for any A G C, 



L 



Uj(B) 



u (M h (\a)(x)) dx < \Uj(B)\u ( ,„| 1/9 ) < \B\ui ' 



For j > 11 and x G C/,-(5), let a G (0, 1) such that ap u) (2M + n) > n. Write 
M h {a)[x) < sup |e-* 2L (a)(y)| + sup |e~ <2L (a)(y)| = Hj + Ly. 

y€B(x,t), t<2 a i- 2 r B y£B(x,t), t>2 a J- 2 r B 
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To estimate Hj, observe that if x G Uj(B), then we have \x — xb\ > 2- ? lr B, and if z G B 
and y G i^(-B) = {y £ X : \x — y\ < 2 aj_2 r\B for some x G Uj(B)}, then we have 

|y — z\ > \x — xb\ — \z — xb\ — \y — x\ > 2 J,_1 rB — tb — 2 aj,_2 rB > 2 j, ~ 3 re. 



By (6.1), we obtain 



< 



sup 

y£B(x,t),t<2 a i- 2 r B 



1 /" l*-yl 2 , , .. 

— / e \a(z)\ dz 

t n J B 



~ SUP 2 F V 2J> R 



) ii«ii^( S )<2^ [ " +(1 - a)JV] ii?r 1 [p(i5|)]- 1 , 



where iV G N satisfies that p w [n + (1 — a)N] > n. 

For the term lj, notice that since the kernel h t of {e~* L }t>o satisfies (6.1), we have 
that for each k G N, there exist two positive constants and such that for almost every 
x, y G R n , 



(6.4) 



gk 

0^h t (x,y) 



c k 



\x - y\ 

c k t 



see [10, 17]. On the other hand, since a is an (w, M)-atom, by Definition 4.2, we have 
a = L M b with b as in Definition 4.2, which together with (6.4) implies that 



I, = 



sup t- 2M |(t 2 L) M e-* L (b){y)\ 

yeB(x,t),t>2 a J-' 2 r B 

|2 



< 



sup 



t 



-2M- 



yeB(x,t),t>2 a 3- 2 r B JB 

Combining the above two estimates, we obtain 



n [ e ^{biz^dz <2~ a ^ 2M+n ^\B\- 1 [p(\B\)]- 1 . 

JB 



V / u(M h (Xa){x))dx 

j=ll JUi{B) 
oo 



Co' 



|A| 



P(|5|)|S| 



|A| 



P(|5|)|S| 



Thus, (5.6) holds with T = M h , and hence H^^R 11 ) C H Ur ^ h (R n ). 

From the fact that for all / G L 2 (R n ), K h (f) < M h (f), it follows that for all / G 
H Uf ^ h (R n ) n L 2 (R n ), H/llfl-^fRn) < H/Hh^cr"), which together with a density argu- 
ment implies that (R™) C fl^JR"). 

To show that H^ h (R n ) C i^ P (R n ), by (5.5), we have that for all / G L 2 (R n ) and 
x G R n , 



ftp(/)(z) = sup \e- tVZ f(x)\ < sup / —\ e --u L f(x)\ du 



t>o 



t>0 



o Vu 
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roc -u 

<n h (f)(x) / ^du<K h (f)(x), 
Jo V u 



which implies that for all / G H Ut1lh (R n ) D L 2 (R n ), \\f\\ Hu , np (R») < ll/lltf^ (r»)- Then 
by a density argument, we obtain /^^(M™) C H u ^-ji p (M. n ). 

Let us now show that H^HpfW 1 ) C H UJt j\f p (M. n ). Since co satisfies Assumption (D), 
there exist q±, q2 G (0, oo) such that q\ < 1 < c/2 and [^(i 92 )] 91 is a convex function on 
(0,oo). 

For all x G R n , t G (0, oo) and / G L 2 (R n ), let u(x,t) = e~ tVI f(x). Then Lu = Lu - 
d 2 u = 0. Applying Lemma 6.3 to such a u with l/<?2, we obtain that for all y G t/4), 

| e -^/( y) |V« 2 < 1 /" | e -.VE /(z) |i/« dzds<± [ [KpUXz)] 1 '* dz. 

t + Jt/2 JB(x,t/2) t JB(x,t) 

Since [oj(t Q2 )] qi is convex on (0, oo), by the Jensen inequality, we obtain 









r < 













1 



B(x,t) 



[ftp(/)(*)] 1/9a dz 



<?2 \ 



< 1 / [w^pC/jw)] 91 d* < -m ([^(^p(/))] 91 ; 



which together with the fact that oo is continuous implies that for all x G M. n , 
u, (< 4 (/)(x)) < [M iWKpifW) (x)] 1 ^ . 
Now by (6.3) and the fact that M is bounded on L 1 ^ qi (W n ), we obtain 
I|w(JVp(/))||li(r») < ||w(< /4 (/))IUiCR») 

and hence ||/||// uAf < ||/||i? wK (r«)- Then by a density argument, we obtain that 
Finally, let us show that H w j^j (J 



) C H UtL (R n ). For all x G W 1 , (3 G (0, oo) and 
/ G L 2 (M"), define S<* p f{x) = (JJ T(j(x) {tVe'^fiy)] 2 ^) 1 / 2 , where V = (V, d t ) and 

|V| 2 = |V| 2 + (d t ) 2 . It is easy to see that S P f < Spf. 

It was proved in the proof of [17, Theorem 8.2] that for all / G L 2 (R n ) and u > 0, 

1 f u 

(6.5) a~i/2 f (u) < — t<J M P p {t)dt + a M p(u), 

where /3 G (0, oo) is large enough, and <j g denotes the distribution of the function g. 

Since u is of upper type 1 and lower type G (0, 1], we have oj(t) ~ J Q * du for each 
t G (0, oo), which together with (6.2), (6.3), (6.5) and Spf < Spf, further implies that 

f u(Sp(f)(x))dx< [ co(S P (f)(x))dx< [ co(Sp /2 (f)(x))dx 
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< 



/•°° w(t) [1 f , , , 

/»oo poo /jf^ /" 

/ ug m p{u) I -^-dtdu + I u)(J\f^(x)) dx 

JO p Ju t if™ 

/ u(Af£(x))dx< [ uj{M P {x))dx. 

JR n JR n 



Thus, we obtain that \\f\\ Hui s p (R n ) ~ \\f\\H u ^ p (ap)- B Y Theorem 6.1, we finally obtain 
that H Uj tf p (R n ) C flw^p (M n j = if WiL (M n ), which completes the proof of Theorem 6.4. □ 

Remark 6.1. (i) If n = 1 and p = 1, the Hardy space il£(R n ) coincides with the Hardy 
space introduced by Czaja and Zienkiewicz in [9]. 

(ii) If L = — A + V and V belongs to the reverse Holder class T-L q (R n ) for some q > n/2 
with n > 3, then the Hardy space iT£(R n ) when p G (n/{n + 1), 1] coincides with the 
Hardy space introduced by Dziubahski and Zienkiewicz [13, 14]. 
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